Probability and stats mop-up unit

» Jointly distributed random variables (spring-break eve)
Understanding covariance and correlation (Today)
Convergence of random variables (Wednesday)
The weak law of large numbers (Friday)
The central limit theorem (next week Monday)
Review for test (next week Wednesday)
Test 2 (next week Friday)
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Today:
P Recap of jointly distributed random variables from last time
P The intuition of correlation from data
P Deriving and explaining covariance
» Proofs

P Deriving and explaining correlation



Let X and Y be random variables. Then the joint cumulative distribution function
of X and Y is
Fxy(x,y)=P(X <x,Y <y)

If X and Y are discrete, then their joint probability mass function is

px,y(x,y)=P(X=x,Y =y)

Moreover,

Fxy(x.y) =Y Y px,v(iJ)

iSx j<y



Let X and Y be random variables. Then the joint cumulative distribution function
of X and Y is
Fx,y(x,y)=P(X<x,Y 2y)

If X and Y are continuous, then their joint probability density function is fx y such
that

b a
Fx,v(a,b)=J J f(x,y)dxdy

Moreover,
2

0
fxy(x,y) = 8X—ayFX,Y(X,Y)

and J b
PlasX<bc<sY<d)s= J J fx v (x,y)dxdy



Let © be a sample space and let A and B be events over that sample space. Then
P(A N B) is the joint probability of events A and B.

Suppose Ag, A1, ...A,—1 and By, By, ... B,,_1 are each partitions of sample space ).
Then the joint probabilities P(A; N B;) have the property that

n—-1m-1
> > P(AnB)=1
i=0 j=0

In this context, the probability of an individual events, for example P(A;), is called a
marginal probability, and can be computed by summing over the joint probabilities
with the other partition:

m-1

P(A) =) P(AinB)

Jj=0



Let X and Y be jointly distributed random variables. The marginal cumulative
distribution function of X is

Fx(a) = Fx,y(a,00) = P(X < a)
If X and Y are discrete, the marginal probability mass function of X is

px(x) =) px.v(x.y)

If X and Y are continuous, the marginal probability density function of X is

K= [ vy



Let A and B be events over a sample space. The conditional probability of A given
Bis

P(AN B)

PA|B) = =55

(This is undefined if P(B) =0.)

Moreover, A and B are independent if the following (equivalent) are true:

P(AlB) = P(A)
P(B|A) = P(B)
P(AnB) = P(A)P(B)



Let X and Y be jointly distributed random variables. Then, if X and Y are discrete,
the conditional probability mass function of X, given that Y =y, is

px|y(xly) = P(X =x|Y = y) = P();(:\j(;yy): = B le;://(();)y)

If X and Y are continuous, the conditional probability density function of X, given
that Y =y, is

f; X,
iy (xly) = %



Let X and Y be jointly distributed random variables. Then X and Y are independent
if for all A, B € R,

P(XeAYeB)=P(XeAP(Y eB)
Or, equivalently, for all a, b € R,
P(X<a Y<b)=P(X<a)P(Y <bh)
Or, again equivalently, with the same a, b,
Fx,v(a, b) = Fx(a)Fy(b)
If X and Y are discrete, this is equivalent to, for all x, y

px,y(x,y) = px(x)py(y)

If X and Y are continuous, this is equivalent to, for all x, y

fx.y(x,y) = fx(x)fy (y)



Let X and Y be jointly distributed random variables and let px and py be their
marginal means. The covariance of X and Y is

Cov(X,Y) = E[(X = ux)(Y = uy)]

Compare this with the variance of random variable X is

Var(X) = E[(X — )]

If X and Y are independent, then Cov(X,Y) = 0.



Prior Result 1
If X is a continuous random variable, then E[aX + b] = aE[ X] + b.

Lemma 2
If X and Y are independent, continuous random variables, then E[ XY ] = E[X]E[Y].

Theorem 3
If X and Y are continuous random variables, then

Cov(X,Y) = E[XY] - E[X]E[Y]

Corollary 4
If X and Y are independent, continuous random variables, then Cov(X,Y) = 0.



Recall that the variance of random variable X is

Var(X) = E[(X = )*]

Let X and Y be jointly distributed random variables and let ux and py be their
marginal means and ox and oy be their marginal standard deviations (square roots of
their variances) The covariance of X and Y is

Cov(X,Y) = E[(X — ux)(Y — py)]

The correlation coefficient of X and Y is

Cov(X,Y)

p(X,Y) = Xy

If X and Y are independent, then Cov(X,Y) =0, and hence so is p(X, Y).



For next time:

Do the correlation exercise (Jupyter notebook) (due Fri, Mar 20)



